Instrumented nanoindenters are commonly employed to extract elastic, plastic or time-dependent mechanical properties of the indented material surface. In several important cases, accurate determination of the indenter probe radii is essential for the proper analytical interpretation of the experimental response, and it cannot be circumvented by an experimentally determined expression for the contact area as a function of depth. Current approaches quantify the indenter probe radii via inference from a series of indents on a material with known elastic modulus (e.g., fused quartz) or through the fitting of two-dimensional projected images acquired via atomic force microscopy (AFM) or scanning electron microscopy (SEM) images. Here, we propose a more robust methodology, based on concepts of differential geometry, for the accurate determination of three-dimensional indenter probe geometry. The methodology is presented and demonstrated for four conospherical indenters with probe radii of the order of 1-10 μm. The deviation of extracted radii with manufacturer specifications is emphasized and the limits of spherical approximations are presented. All four probes deviate from the assumed spherical geometry, such that the effective radii are not independent of distance from the probe apex. Significant errors in interpretation of material behaviour will result if this deviation is unaccounted for during the analysis of indentation load-depth responses obtained from material surfaces of interest, including observation of an artificial length scale that could be misinterpreted as an effect attributable to material length scales less than tens of nanometres in size or extent.
Introduction

Instrumented indentation and area of contact estimation
Instrumented indentation is now commonly employed in the determination of elastic, plastic, and/or viscoelastic properties of bulk materials, thin films and composites [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . A typical quasi-static indentation experiment is presented in figure 1 (a). This type of response is obtained when an indenter is brought into contact with the flat surface of a specimen under a constant loading (or displacement) rate, while both the load P and the indentation depth h are recorded continuously. Hardness H and reduced elastic modulus E r have been the two quantitative metrics that are traditionally extracted from indentation experiments, and they can be linked (under certain assumptions) to the plastic and elastic properties of the indented material, respectively (e.g., [1] ):
where P max is the maximum force, A c the projected area of contact at maximum load and S max = dP dh hmax the contact stiffness evaluated at the maximum depth h max .
It is interesting to note that the definitions of equations (1) and (2) are independent of the exact geometry of the indenter; they simply rely on an estimate of the projected cross-sectional contact area at maximum load A c . Several empirical means to estimate the A c exist, either through postindentation inspection [6, 10] , geometric idealizations of the probe [12] [13] [14] or, more commonly, through analysis of the indentation response for a material of ostensibly known E r and H to determine this area as a function of contact depth A c = A(h c ) [1, 15] . The latter approach has become a common component of nanomechanical data analysis, because it has been shown that the determination of E r via equation (2) applies equally well to any indenter described as a solid of revolution defined by a smooth analytical function (conical, spherical, cylindrical and, with small corrections, even pyramidal indenters) [16, 17] . There are several important cases, however, where an area function is not sufficient to describe the underlying behaviour of the material and the spherical assumption is required, albeit as a simplification, for tractable analytical solutions of mechanical properties. For example, one can make use of the analytical stress-strain solution beneath a spherical indenter to measure the ideal strength of a crystal (e.g., [18] ), as well as the parameters of a constitutive model or creep compliance for viscoelastic solids [19] . In such cases, an area function cannot be used, as the equations used to analyse the experimental loaddepth (P-h) response are typically specialized for spherical geometries and depend uniquely on the probe radius R. We refer generically to such cases that require knowledge of R as mechanical responses treatable via spherical analysis.
Spherical analysis
In contrast to indentation via geometrically self-similar sharp indenters (cones or pyramids), indentation via spherical probes results in a ratio of the projected area of contact to the depth of indentation that is not independent of the magnitude of the applied load. This property allows for a range of stress and strain states to be imposed on the material under investigation during a single indentation test by simply controlling the depth of indentation of the sphere-the larger the depth, the greater the magnitude of the stress field. In this respect, spherical indentation has unique advantages over sharp indentation, enabling (a) detection of the elastic-plastic transition which, coupled with complete analytical linear elastic solutions, can be used for calculating material shear strength [18, 20] ; and (b) extraction of linear viscoelastic material parameters through indentation states which remain well below the material plastic limit [19] , provided that material nonlinearities are negligible. Furthermore, the stress state imposed by the smooth indenter probe geometry is particularly suited for investigation of compliant and/or soft materials such as synthetic polymers or biological specimens.
The P-h relation of an indenter moving into an elastic half space is given by Hertzian contact mechanics:
where
is the reduced elastic modulus of the indenter-sample system and accounts for the deformation of the indenter (E in , ν in ) and of the indented specimen (E , ν), through their elastic moduli (E in , E) and Poisson's ratios (ν, ν in ), while neglecting friction/adhesion between the probe and the sample surface. One can therefore estimate the elastic properties of the material by fitting equation (3) to the experimentally obtained P-h response. Furthermore, once E r and R are known, the stress distribution within the material can be evaluated using the analytical solutions of spherical indentation on a linear elastic solid (e.g., [21] ) 3 :
(4c) 3 We here present only the shear stress distribution for purposes of illustration. The complete analytical solution can be found in [22] .
where r and z are the polar coordinates of the system, with the origin located at the tip of the indenter probe, a is the contact radius and p m is the mean pressure beneath the indenter. In fact, theoretical strengths of amorphous and crystalline materials have been experimentally measured using the discontinuities from spherical indentation P-h responses (see figure 1(b) and [18, 20] ). The critical indentation load P cr required to initiate a dislocation nucleation event was used to calculate the critical shear stress τ cr required to initiate plastic deformation and it was found to correlate reasonably well with the ideal or theoretical strength of crystalline materials τ th ∼ G/10 [23, 24] , where G is the shear modulus. Furthermore, the above equations have been extended to the viscoelastic material domain, which allows one to infer the time-dependent properties of the material [19] . In fact, in the particular case of spherical indentation on viscoelastic solids, the creep response of the material under a constant applied step indentation load P max (see figure 1(c)) can be related to the viscoelastic properties of the material 4 :
where F is a function of η 1 . . . η k and τ 1 . . . τ k , the viscosities and characteristic times of the material respectively; the number (k) depends on the assumed viscoelastic constitutive model. It must be emphasized that equations (3)- (5) are restricted to spherical indentation and cannot be applied to arbitrary geometries 5 . Thus, the radius of the indenter probe is an essential component of the above analysis of elastic, plastic or viscoelastic properties inferred from spherical indentation responses. Current trends in manufacturing tend to characterize the resulting product (probe) using SEM imaging techniques, and report a nominal value for the resulting radius of the probe.
It should be noted that the state-of-the-art analysis (to the best of our knowledge) of probe radius implements a two-dimensional (2D) fitting of projected images (crosssections) from three-dimensional (3D) AFM images [13, 25] or fitting of an ideal spherical model to AFM-obtained area functions [12, 25] . This imaging-based approach does not rely on assumptions of material properties or contact deformation, and is thus preferable to inferring A(h c ) or R(h c ) from nanoindentation experiments. However, as we will show, the radii obtained from these 2D approaches can differ significantly from a full 3D fitting of the probe curvature. For applications that cannot subsume geometric imperfections within an area function A(h c ) and require knowledge of the actual radius, these discrepancies can add uncertainty to the analysis of experimental nanoindentation data.
Here we propose and demonstrate a robust approach to extract the average radii of indenter probes by applying concepts of differential geometry (see the mathematical details in [26] ) to the full, 3D AFM images. The local geometry of four indenter probes is studied and an approach to quantitatively extract the probe radii is proposed. Our results demonstrate the nonideal nature of the probes and a dependency of the effective radius with distance from the probe apex. The original contribution of this approach is to recognize the need for and suggest a robust and automated 3D methodology for the determination of an effective radius for approximately spherical probes, as is required for several important applications of nanoscale contact loading. The practical implications of this geometrical imperfection in terms of inferred material physics are discussed.
Materials and methods
Indenter probes
Diamond spherical indenters of radii on the micrometre scale are now routinely manufactured. They are usually in the form of spherical caps that are ground and polished at the end of a cone or a faceted pyramid. The conospherical transition can be calculated using a simple geometrical model, where the spherical region is tangentially enclosed within an open cap conical geometry:
where h * is the transition depth, R is the radius of the spherical cap and θ the semi-angle 6 of the conical part [27] . A total of four indenter probes were scanned during this study, the geometrical details of which are summarized in table 1: conospherical probes with indenter nominal radii R ∼ 1 μm (S-1), 5 μm (S-5A and S-5B), and 10 μm (S-10). The 1 μm sphere (S-1) sits at the edge of a 60
• cone, whereas the 5 and 10 μm spheres rest on three-sided pyramids with semi-apex angles from planes inclined by 65.3
• . The resulting transition depths calculated from equation (6) are also summarized in table 1. For small-scale indentations (h < h * ), only the most distal surface of the probe is used to penetrate the tested specimen, and thus spherical analysis is reasonably assumed.
AFM imaging of probes
The atomic force microscopy (AFM) images of these four probes were obtained at DuPont's™ Corporate Center for Analytical Sciences. The scanning data were exported in the form of ASCII files containing heights for a 512 × 512 grid system. Carefully cleaned probes (solvent followed by pressing into foamed polystyrene followed by solvent) were imaged in tapping mode (Dimension 3100/Nanoscope 4, Veeco) with standard silicon cantilevers (k = 20-80 N m −1 ; TESP VeecoProbes), at a scan rate of 1 Hz. The x, y, and z piezoactuators were calibrated by imaging NIST traceable standards (z-axis calibration using a VLSI standard SHS-880: traceable step height 90.8 ± 1.2 nm, measured step height 89.7 nm, x-and y-axis using a Geller MRS-4XYZ: traceable pitch 2.0 ± 0.016 μm, measured value 2.018 μm). The size of the AFM images was intentionally restricted below 3 μm × 3 μm to minimize any effects of nonlinearities of the Table 1 . Nominal radius as reported by the manufacturer and measured radius as inferred from AFM area functions (2D) and local curvature formulation (3D). The effective radii are evaluated at the contact depth h c = 50 nm, far below the sphere-cone transition depth h * . The error in terms of deviation from the nominal radius is shown.
S-1 1 000 460 −117 500 −100 500 S-5A 5 000 3600 −38 3700 −35 292 S-5B 5 000 5200 +4 5950 +39 292 S- 10 10 000 8700 −13 9600 −4 584 AFM scanners [25] . The importance of cleaning the probes prior to imaging or nanomechanical testing is demonstrated in figure 2 , which shows examples of AFM data collected on specimens before and after cleaning. The AFM ASCII data were incorporated in MATLAB ® and analysed using several MATLAB ® functions to achieve a representation of the 3D probe profile that could be mathematically analysed and manipulated. One can obtain a great deal of qualitative information by simply examining these refined images (see figure 3) . In fact, the probes can be visually inspected for contamination and defects to ensure that the probe was properly cleaned, and that there was no damage induced either from manufacturing or from prior testing. Three-dimensional views, plan views, and contour plots of S-1, S-5A, and S-5B are shown in figure 3 .
One can observe local defects through these images. A local distortion or asperity of the order of a few tens of nanometres in height and diameter can be identified at the lower left of figures 3(a)-(ii) and (b)-(ii), which could be attributed to debris adhered to the indenter or a local defect during probe manufacturing. Furthermore, scratches at the probe surface are clearly visible in these processed images, and are indicative of the manufacturing procedure used for the preparation of these probes (grinding and polishing). The contour plots of the plan views in figures 3(b)-(ii) and (c)-(ii) show the deviation of the indenter probe from ideal spherical geometry. In the particular case of S-5A, moving away from the indenter probe apex, the geometry indicates a shift to a square probe configuration; this reflects the 2D projection of a four-sided pyramid. In contrast, the contour plot of the S-5B (figures 3(b)-(iii) and (c)-(iii)) shows almost perfect concentric circles even at larger distances from the apex, demonstrating the manufacturing quality of this particular probe. While this visual investigation provides a qualitative first interpretation of the probe geometry, we used concepts from differential geometry to obtain a more robust and quantitative evaluation that can identify local geometrical characteristics required for inference of the mechanical behaviour of a material surface. 
AFM image analysis
The local curvature calculation was numerically implemented by using a quadratic approximation to the geometry obtained from AFM scanning. This was executed by fitting a paraboloid locally onto a square grid region (75 × 75 pixels) of the 3D data and calculating its curvature 7 . The fit was repeated for every ten grid spacings in both the x and y directions. The reason for choosing a paraboloid instead of a sphere is that it reduces the problem to a linear one. If one attempts to fit a sphere directly (which is possible), the complexity increases considerably, while the accuracy remains more or less the same since the paraboloid approximates a sphere for small regions. As shown in figure 4 , for a 2D case, a circular arc of radius R can be approximated in the apex vicinity of (0, 0) by the parabola y = x 2 /2R with a curvature k = 1/R and a focal length R/2. These 2D concepts can be extended to the 3D representation of a sphere by an osculating paraboloid. The osculating paraboloid is given by
7 An analytical formula exists that links the radius of this geometry to the second derivative of the surface [26, 28] . The numerical implementation of the mathematical formulation is not presented here, but is embedded in the MATLAB ® algorithm shown in the appendix. where A, B and C are functions of the first and second derivatives of the geometry ( f x , f y , f xx , f yy , f x y ). The local radius of the fitted geometry can then be calculated from the curvature of the paraboloid: This curvature calculation has been numerically implemented in MATLAB ® (script included in the appendix). The mathematical details behind equations (7)- (9) are presented in [26, 28] .
Instrumented indentation
An alternative approach to assay the geometrical characteristics of the indenter probes, which is also the method that is widely used in practice, is by performing a series of indentations on a material with presumably known elastic Young's modulus E and Poisson's ratio ν. In our case, tests were conducted on a fused quartz reference sample with E = 70 GPa and ν = 0.17. Indentations were made with an instrumented nanoindenter (NanoTest 600, MicroMaterials Ltd, Wrexham, UK) at ambient temperature T a = 22
• C, pressure, and relative humidity RH < 50%. For indentations on a material with known elastic properties, equation (2) can be rearranged as to obtain the area of contact A c for different indentation maximum depths h max :
The equivalent contact depth h c and the indentation stiffness S for each indentation can be obtained based on the methodology presented by Oliver and Pharr [1] . The constant depends on the geometry: = 1 for a flat punch, = 0.73 for conical indenters, = 0.75 for paraboloids or spheres. Based on experimental observations, the value of = 0.75 was recommended for all geometries and has been the standard value used in analysis [2] . The scheme presented in equations (10) and (11) provides a series of points on the area function A(h c ) and can be used for data analysis. A(h c ) describes how the cross-sectional area of the 3D geometry evolves with distance from indenter probe apex or the maximally distal point on a sphere. It shall be noted that no assumptions on the actual probe geometry are made, insofar as equation (2) is a general characteristic of indentation analysis and holds true for all smooth axisymmetric probe geometries [17] . Area functions obtained in this sense, however, make the following explicit/implicit assumptions: (a) the elastic properties of the material are scale independent; (b) the elastic theory of indentation and the Oliver and Pharr approach accurately represent the experimental data; and (c) the deformation recorded during loading is a pure reflection of the material response, and not due to experimental artefacts such as thermal drift, machine compliance, etc.
Results and discussion
Effective radii inferred from area function
Previously, the effective radius has been inferred from area functions constructed from 2D projections of 3D AFM scans [14, 25] . Here, we demonstrate this construction of an area function and extraction of an effective radius from that function, for sake of comparison with our 3D differential geometry approach. Alternatively, the area function can be obtained by indentation on a material of ostensibly known properties. The area function of all four probes was obtained via nanoindentation on quartz, A quartz (h c ), as well as through analysis of the AFM images of the probes, A afm (h c ) [12, 13, 25] . The latter approach is direct and requires no assumptions of material behaviour or estimates of contact depth. This requires counting the grid points within a given contour height, i.e., directly measuring the projected sectional area. Figure 5 shows the number of grid points counted for different heights in the form of a histogram for the particular case of the spherical probe S-5A. The number of bins used is 1000 and the total number of frequency points sums to the total number of grid points collected, (512 × 512) = 262, 144. The number of points (or pixels) was converted to area using the scale of the image: in this particular case, where the size of the image was 3000 × 3000 nm 2 (the quadratic term provides minimal contributions). The area function tends to deviate at a distance from the probe apex of h c 240 nm, and this is due to insufficient image data. In fact, the contour plots in figure 3 show that the contours are interrupted as the h c increases, due to the square grid scanning process of the AFM. Given the insufficient data for h c 240 nm, one should only use the A(h c ) obtained with such a method up to the point where complete contours are obtained. The area function is not valid beyond this h c , and larger image size areas are required to construct the area function for greater indentation depths.
As expected [25] , the area function calculated directly from probe image analysis agrees reasonably well with that inferred from inverse analysis of indentations on quartz, and is naturally more accurate than that calculated from the nominal radius provided by the manufacturer (figure 6). We attribute the ∼15% discrepancy between A afm (h c ) and A quartz (h c ) primarily to the inherent assumptions of the inverse analysis used to construct A quartz (h c ), although a minor contribution may be attributable to height errors in (open loop) AFM images 8 . 8 Through comparison of R eff inferred from images of each probe ranging from 500 × 500 nm 2 to 3000 × 3000 nm 2 , we found <1% variation in R eff as a function of scan size, consistent with the results of [25] for area functions calculated from small, open loop AFM scans, indicating that typical AFM scanning nonlinearities do not account for more than 1% error in geometric characterization of the probe when the image size is appropriately restricted.
With such an area function obtained from AFM images, one can estimate the effective probe radius for that contact depth R eff (h c ) [14, 25] through the geometric relationship between cross-sectional area and contact depth for an ideal sphere:
2πh c (12) where A afm (h c ) are the area functions obtained from AFM imaging (see figure 6 ). Note that table 1 indicates the effective radius at a fixed contact depth determined from the 2D area function; for h c = 50 nm, the radii thus inferred differ significantly from the nominal values provided by the manufacturer. In actuality, the nonideal sphericity of the probe means that R eff is a function of depth that must be evaluated over the contact depths of interest. By definition, equation (12) weights the area function more heavily than the local curvature of the probe: R is calculated as the radius of an ideal sphere that will match the AFM-constructed area function at a given h c , rather than the radius that best matches the 3D geometry of the probe at that depth. In the next section, we will outline our differential geometry approach to determine R eff (h c ) directly through local curvature analysis; this does not require the intermediate construction of an area function. 
Local and effective probe radii from differential geometry
The AFM image analysis presented in equations (7)-(9) yields the local curvature characteristics R local of the investigated probes. These are here schematically presented in the form of (a) spatial variation of the calculated radius; and (b) colour plot of the local radius intensities overlaid on the original 3D geometry. Figures 7 and 8 show the results for S-5A/S-5B and S-1/S-10, respectively. While the calculated radius of each probe remains more or less constant in the near-apex region, it generally tends to spike sharply at the outer edges due to a transition toward a conical geometry (R → ∞ as h → h * ). This tendency is more pronounced for the probe of smallest radius (S-1), as the conospherical transition scales proportional with the probe radius (h * ∝ R; see equation (6)). The average radii in the centre (200×200 nm 2 ) of the images are found to be approximately 500 nm; 3700 nm; 5950 nm; 9600 nm; for the S-1; S-5A; S-5B; and S-10 probes, respectively. These values are significantly different from the nominal values prescribed by the manufacturers (see table 1): −100% difference for S-1, −35% and +39% for S-5A and S-5B, respectively, and −4% for S-10. This could cause significant errors in the extraction of mechanical properties determined from analyses based on R (e.g., equations (3)- (5)). It is interesting to note that the discrepancy between the actual and nominal radii decreases as the radius of the indenter increases. Although more probes should be sampled to determine the generality of this finding, we can speculate that this relates to the reduction of the manufacturing complexity: one would expect more control over manufacturing probes of larger nominal radii.
The spatial variation of the local radius, which results from an inadequate control of manufacturing at nanometre scales, gives rise to an evolution of the global effective radius R eff with the distance from the indenter probe (i.e., with increasing contact depth h c ), which departs from the ideal constant value (R ideal = constant). To further demonstrate this concept, we show the average radius for different contact depths calculated as (13) where N is the number of grid points from a 3D AFM image for which the local radius has been evaluated within the h c < h-regime, and h max is the contact depth for which complete data is obtained. This maximum depth is detected by a change in the frequency distribution of the pixel count with depth (see figure 5) . The resulting R(h c ) for the S-1, S-5A, S-5B and S-10 are shown in figure 9 . It is apparent that the effective radius of all probes becomes a strong function of the contact depth, suggesting that the assumption of spherical geometry is valid only within a small range of indentation depths. In fact, deviations from the mean values range within ±25% for the S-5A, S-5B and S-10 probes, where the investigated depth is well below the conospherical transition depth, (h < h * ). Note the potentially significant discrepancy between R(h c ) calculated from differential geometry of the 3D image (solid line) and that extracted from the 2D area function (dotted line) via equation (12): radii can differ as much as ∼100% (see S-1 at h = 500 nm). This discrepancy is not surprising, as the inference of R eff from A(h c ) does not directly evaluate the local probe curvature at that contact depth h c , and is an estimate based on matching of cross-sectional areas of the actual probe and an ideal sphere at h c . In contrast, our differential geometric analysis explicitly calculates the local curvature and is not biased by the corresponding crosssectional area. Using our local curvature algorithm, we show the best-fitted sphere for the 500 × 500 nm 2 image of S-5A superimposed with the AFM geometry in figure 10 . The very good fit between raw and spherical geometry indicates not only the nearly spherical geometry of the indenter near the effective probe apex, but also the validity of our curvature formulation approach. This algorithm is relevant to several important applications of spherical, nanoscale contact where the local effective radius, rather than the cross-sectional area, is required for accurate data interpretation. To show that such fitting is more accurate than inference from a 2D area function, for example by comparing the ideal shear strength of a metallic crystal calculated from indentation using R eff from local curvature and area function approaches, assumes a level of precision of such experimentally measured properties that does not yet exist [23, 24, 29] . However, the mathematical complexity of this 3D fitting is entirely subsumed by the algorithms provided in the appendix. This provides the experimentalist with the opportunity to easily compare radii from a single AFM image to quantify the potential error in inferred mechanical properties, to verify the intended radius of a newly manufactured probe as a function of contact depth, and to track changes in probe curvature over time.
It is generally appreciated that the geometric imperfections of indenter probes can introduce an artificial length scale 9 ; this is one purpose of an empirically determined probe area function. Spherical analysis of certain mechanical properties (theoretical shear strength, creep parameters, etc) cannot account for this imperfection via an area function, and improper assumption of constant R (or inaccurate estimation of R(h c )) may be incorrectly attributed to changes in the material physics. To illustrate this potential error in mechanical property analysis, we conducted a series of indentations, using the S-1 probe, in the range h c = 5-200 nm on a borosilicate glass sample (E r ≈ 70 GPa [30]); the indentation elastic moduli E r of the indented region were extracted using equation (2) and assuming (a) ideal spherical geometry A sp (h c ) with the probe radius equal to its nominal value as reported by the manufacturer (figures 11(a)); and (b) an experimentally obtained A afm (h c ) ( figure 11(b) ). The spherical analysis shows a scaling of E with h c , which simply reflects the error introduced by an assumption of constant R (i.e., R = R(h c )); we and others [25] have shown that the effective radius is a strong function of h c that must be quantified experimentally. We choose to demonstrate this artificial length scale for a case where a mechanical property can be calculated from knowledge of either the probe radius or an area function, so that these can be compared quantitatively. However, we emphasize that equations (3)-(5), which are commonly used for the extraction of specific elastic, plastic and viscoelastic properties, are restricted to spherical indentation and cannot be determined by recourse to an area function, and potential artefacts due to the assumption of a single value of R (that is independent of contact depth) could not easily be detected or conclusively demonstrated. Thus, interpretation of a multi-depth investigation of mechanical behaviour that requires an assumption of R should be treated with caution when employing indenters of micrometre-scale radii. One is then left with two options to accurately quantify such mechanical behaviour: use higher-order analytical solutions that take into account the nonspherical geometry of the probe, or restrict the analysis to specific maximum depths where an approximate radius can be obtained using the procedure presented herein. 
Concluding remarks
Analysis of virtually all nanomechanical contact loading experiments requires knowledge of the detailed probe shape and the area of contact with the surface. Whether the probe is on an atomic force microscope cantilever or a diamond nanoindenter, the results and conclusions will be in error if the probe shape changes during the course of an experiment or if the shape differs from the nominal or expected shape. This effect is sometimes obvious in AFM images, where the contrast can change between one scan line and the next, and gives rise to images with probe shape-induced artefacts. The effect is much more difficult to detect for nanoindentation experiments in which the areas of contact are much larger and the methods for data analysis are more indirect. However, as the present work shows, the true probe area function and radius determined directly from 3D AFM images can be significantly different from either the nominal shape provided by the instrument manufacturers or the one determined indirectly from indentations into a material of ostensibly known structure and properties. To account for this potential source of uncertainty, we proposed a formulation for the 3D analysis of approximately spherical indenter probes. Our analysis yields the following conclusions:
(i) AFM images of nanoscale to microscale manufactured conospherical probes can reliably reproduce the geometrical characteristics of indenter probes without the analytical assumptions that bring with them inherent sources of uncertainty, and should be the preferred choice of probe characterization when analysis of nanoscale indentation data requires high accuracy.
(ii) The effective radii determined from differential geometric analysis of local curvature in such AFM images shows that the radius varies with distance from the probe apex, R eff (h c ). At any h c , the radius inferred from the 2Darea function constructed from the same AFM image can differ significantly, as the former approach emphasizes local curvature while the latter emphasizes the value of the area function at a given h c .
(iii) Spherical analysis of indentation load-depth responses should be restricted to small depths of indentation h less than the conospherical transition depth h * . Interpretation of multi-depth indentation responses using spherical probes should be treated with caution, as the geometrical characteristics of the indenter (R eff (h c )) can introduce a length scale which can be interpreted erroneously as a material length scale.
(iv) The use of probe radii should (when analytical formulations of mechanical behaviour allow) be replaced with an area function that captures the geometrical features and anomalies of the probe. AFM images of clean probes provide reliable estimates of the area function that can be used for analysis of indentation data, reducing errors attributable to assumed mechanical properties of reference samples and variations among experimental Ph responses. However, when analyses preclude such simplifications, 3D analysis of AFM images provides a direct measurement of the effective probe radii that is far superior to current manufacturing estimates. 
